The kinetics of protein adsorption are studied using a generalized diffusion approach which shows that the timedetermining step in the adsorption is the crossing of the kinetic barrier presented by the polymers and already adsorbed proteins. The potential of mean-force between the adsorbing protein and the polymer-protein surface changes as a function of time due to the deformation of the polymer layers as the proteins adsorb. Furthermore, the range and strength of the repulsive interaction felt by the approaching proteins increases with grafted polymer molecular weight and surface coverage. The effect of molecular weight on the kinetics is very complex and different than its role on the equilibrium adsorption isotherms. The very large kinetic barriers make the timescale for the adsorption process very long and the computational effort increases with time, thus, an approximate kinetic approach is developed. The kinetic theory is based on the knowledge that the time-determining step is crossing the potential-of-mean-force barrier. Kinetic equations for two states (adsorbed and bulk) are written where the kinetic coefficients are the product of the Boltzmann factor for the free energy of adsorption (desorption) multiplied by a preexponential factor determined from a Kramers-like theory. The predictions from the kinetic approach are in excellent quantitative agreement with the full diffusion equation solutions demonstrating that the two most important physical processes are the crossing of the barrier and the changes in the barrier with time due to the deformation of the polymer layer as the proteins adsorb/desorb. The kinetic coefficients can be calculated a priori allowing for systematic calculations over very long timescales. It is found that, in many cases where the equilibrium adsorption shows a finite value, the kinetics of the process is so slow that the experimental system will show no adsorption. This effect is particularly important at high grafted polymer surface coverage. The construction of guidelines for molecular weight/surface coverage necessary for kinetic prevention of protein adsorption in a desired timescale is shown. The time-dependent desorption is also studied by modeling how adsorbed proteins leave the surface when in contact with a pure water solution. It is found that the kinetics of desorption are very slow and depend in a nonmonotonic way in the polymer chain length. When the polymer layer thickness is shorter than the size of the protein, increasing polymer chain length, at fixed surface coverage, makes the desorption process faster. For polymer layers with thickness larger than the protein size, increases in molecular weight results in a longer time for desorption. This is due to the grafted polymers trapping the adsorbed proteins and slowing down the desorption process. These results offer a possible explanation to some experimental data on adsorption. Limitations and extension of the developed approaches for practical applications are discussed.
INTRODUCTION
Flexible polymer molecules grafted to surfaces or interfaces impose a steric barrier that can be tuned depending upon the polymer molecular weight, surface coverage, and type of chemical structure (1) (2) (3) . These interactions are widely used in colloidal stabilization (4) (5) (6) and in the last few years have found application on the development of biocompatible materials and drug carriers (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) (23) (24) (25) . The basic idea is that the grafted polymer layer prevents nonspecific adsorption of proteins on the surface of the biocompatible material or drug carrier, reducing the immunological response (7, 8, 15, (26) (27) (28) (29) . The understanding of the kinetics of protein adsorption and its reduction/prevention by grafted polymer layers is therefore very important for the design of materials interacting with biological systems. In this work we present a thorough theoretical study of the kinetics of protein ad-sorption on surfaces with grafted polymers, which complements our earlier work on both the thermodynamics and kinetics of protein adsorption (30) (31) (32) (33) (34) .
Adsorption of proteins on surfaces is a complex process that involves very large energy scales and the ability of the proteins to change their conformation upon contact with the surface (26, (35) (36) (37) (38) . Moreover, the timescale of the adsorption process can be very long and in many cases the adsorption is irreversible (31, 33, (39) (40) (41) . It is important to differentiate between the equilibrium isotherms and the kinetics of the adsorption process. This is an important difference both in the practical applications of protein adsorption (or prevention of it) and in the fundamental studies of the understanding of the adsorption process. For example, in the design of biocompatible materials to be used for artificial organs it is important to completely prevent adsorption of proteins. Thus, thermodynamic control is necessary, meaning that for the given conditions, the equilibrium amount of proteins adsorbed on the surface is zero. On the other hand, drug carriers need to survive in the blood stream for the time necessary to deliver the drug to its target. In this case, control of the kinetics of adsorption, so that it is delayed beyond the timescale for drug delivery, is the necessary design criteria.
During the last few years we have developed and applied a molecular theoretical approach to study the thermodynamics and kinetics of protein adsorption on surfaces with and without grafted polymers (21, 24, (30) (31) (32) (33) (42) (43) (44) (45) . The predictions from the theory are in excellent quantitative agreement for the adsorption isotherms of lysozyme and fibrinogen on surfaces with short- (31) and long-grafted polyethylene oxide (PEO) chains (21, 32) . In all these cases we studied systems in which the reduction of protein adsorption is due to the steric repulsion induced by the polymer layer, i.e., by flexible polymer and not by chemical modification of the surface, as in the case of high density self-assembled monolayers with functional end-groups (46) . We have found that the grafted polymer layers properties that are optimal for thermodynamics control are different than those controlling the kinetic process (31, 33) . For example, for thermodynamic control of protein adsorption the polymer surface coverage is the most important factor in determining the reduction of protein adsorption (30) . These predictions have been confirmed by experimental observations (16, 47) . For the kinetics of adsorption, though, we have predicted a very strong effect on molecular weight; however, its role for the equilibrium isotherms is only secondary (31, 33) .
In this article we present a kinetic theory that borrows from our previous work (31) and the insights learned from the theory of Halperin (48) and we develop a computational feasible molecular approach that enables the study of the whole kinetic process explicitly accounting for the deformation of the polymer-protein layer as the adsorption process takes place. The basic idea of the approach is to use the physical insights learned from the generalized diffusion approach to determine what the relevant steps are in the kinetic process. Then, we use the theoretical ideas of the Kramerlike approach developed by Halperin together with our molecular theory to construct a kinetic model that enables the study of both adsorption and desorption processes.
The next section, Molecular Theory, starts with a review of the generalized diffusion approach and the molecular theory that serves as basis for the kinetic approach. After that, we present the kinetic theory used, with examples of the kinetics of adsorption and desorption as a function of the grafted polymer chain length and surface coverage; this is then followed by our concluding remarks.
MOLECULAR THEORY
The system of interest here is composed of a surface of total area A spanning the x, y plane. The surface has N g polymer molecules grafted at one of their ends (see Fig. 1 ). Each polymer has n g segments, each of length l. The polymer-modified surface is put, at time t ¼ 0, in contact with a solution con-taining proteins dissolved in water. The protein solution is characterized by a bulk density r p,bulk or equivalently a chemical potential m p,bulk . When the surface is put in contact with the solution the proteins ''feel'' anisotropic interactions, induced by the presence of the surface, which are the driving forces for the adsorption process.
The basic idea to determine the time-and distance-dependent interactions between the surface and the proteins is to take advantage of the very different timescale for the diffusion of the protein as compared to the fast local motions of the polymer monomers and the solvent molecules. Therefore, we can consider that for each configuration in space of the proteins, the polymer and solvent can equilibrate around the larger, slower, particles. This assumption is common to our generalized diffusion approach that we present here and the kinetic model in next section. We start reviewing the generalized diffusion approach followed by the free energy functional molecular theory approach.
In this work we concentrate our attention only on cases in which the protein does not change its conformation upon adsorption. The generalization of the theory to more general cases has been presented elsewhere for bare surfaces (33) . It will be shown in future work for surfaces with grafted polymers.
GENERALIZED DIFFUSION APPROACH (GDA)
The basic assumptions of separation of timescale present a natural scenario for the use of dynamical self-consistent theory or the dynamical density functional approach (31, (49) (50) (51) . This is effectively what we call the generalized diffusion approach (GDA), when the free energy used is from our FIGURE 1 Schematic representation of the system containing proteins in their native conformation dissolved in a low molecular-weight solvent, and in contact with a surface with grafted polymers. The large solid circles are the proteins and the small open circles are the solvent molecules. The strings of small solid circles, tethered to the surface, represent the grafted polymers. The z direction is defined perpendicular to the surface. The position of a protein, z9, refers to the lowest point of the protein, whereas the volume that a protein contributes to z refers to the volume that the protein occupies between z and z 1 dz. The two rate coefficients represent the kinetic processes involved in the adsorption of proteins onto the surface with grafted polymers. The right of the figure represents schematically the potential of mean-force felt by the adsorbing/desorbing proteins (see text). molecular theory (33) . We write a time-evolution equation for the density profile of the proteins with a diffusion equation of the form @r p ðz; tÞ @t ¼ D p @ @z r p ðz; tÞ @ @z m p ðz; tÞ ;
(1) with D p the diffusion coefficient of the proteins. (Please note that, for simplicity, we assume that the diffusion coefficient is independent of position. The reason is that the kinetic slowdown induced by the interactions, through the chemical potential gradients, is the dominant effect in the cases of interest here.) The time-and position-dependent chemical potential is defined as
W/A represents the free energy density (per unit area) of a system of frozen configuration of the proteins. This means it is the minimal free energy with respect to the polymers and the solvent for the given distribution of proteins. It is convenient to write the chemical potential as the sum of an ideal term and a potential of mean-force U mf (z;t), i.e., the nonideal contribution. Then
where k B is the Boltzmann constant and T is the absolute temperature. Using the potential of mean-force definition, Eq. 3, on the diffusion equation, Eq. 1, we obtain @r p ðz; tÞ @t ¼ D p @ 2 r p ðz; tÞ @z 2 1 @ @z r p ðz; tÞ @U mf ðz; tÞ @z " # :
The first term is the ideal diffusion, whereas the second represents the motion due to the interactions between the proteins and all the other molecules in the system, including the surface. Consider for example the case in which, at time t ¼ 0, a solution with homogeneously distributed proteins is put in contact with the surface. The main driving force for adsorption has to be the potential of mean-force, since there is no gradient of density. However, because proteins adsorb, the two terms contribute until the chemical potential (due to the balance of density and potential of mean-force) becomes constant and the new equilibrium with the adsorbed proteins is reached. Clearly, if there is a strong attraction between the proteins and the surface the new equilibrium corresponds to an inhomogeneous distribution of proteins, due to the anisotropic interaction potential that results from the presence of the surface. At this point we should remark that the concept of chemical potential and potential of mean-force are defined as generalizations of the equilibrium (true thermodynamic) properties (52, 53) . We refer to the time-and distance-dependent quantities in the same way as in the equilibrium cases. That is, they are formally defined in the same way, but do not correspond to the quantities for when the system is in true thermodynamics equilibrium. Instead, they correspond to the minimal free energy under the constraint of frozen distribution of protein as given at that time by the dynamic equation.
FREE ENERGY FUNCTIONAL MOLECULAR THEORY
The understanding of the adsorption process from one equilibrium state to a new one, requires the variation of the free energy, W. To this end, we use the molecular theory that we originally developed to treat the structural and thermodynamic properties of tethered polymer layers and later generalized to treat protein adsorption on surfaces with and without grafted polymers (3, 24, (30) (31) (32) (33) (42) (43) (44) (45) (54) (55) (56) (57) . The basic idea is to write the free energy as a functional of the density of proteins and the conformational probability distribution of the grafted polymer chains and the proteins. To write the free energy we consider each molecular species exactly (within the chosen model to describe the molecular system) in terms of the intramolecular and surface interactions. The intermolecular interactions are considered within a mean-field approximation.
The presence of the surface induces an inhomogeneous distribution of all the molecular species. Therefore, the meanfield felt by the molecules in each of their conformations is a function of the spatial distribution of its units and the average distribution of all the other molecular species. For simplicity we consider that the only inhomogeneous direction is the one perpendicular to the surface, i.e., the z direction.
We derive the free energy for a simple case of a mixture of polymers and proteins in which the solvent is equally good for both molecular species. Further, we assume that the protein can only be in its native conformation and does not change its conformation upon adsorption to the surface. The generalization to the cases in which conformational changes upon adsorption are considered (34) , as well as different intermolecular interactions, has been treated elsewhere (30) .
The free energy per unit area of the equilibrium combined protein-grafted polymer system is given by
where b ¼ 1/k B T. The first term represents the conformational entropy of the tethered polymers, where s ¼ N p /A is the polymer surface coverage and P g (g) (pdf) is the probability of finding a grafted polymer in conformation g.
The second term is the protein contribution, including:
1. A z-dependent mixing (translation) entropy with r p (z) representing the protein density profile; v s is the solvent volume which is used as the unit of volume throughout.
2. The distance-dependent bare protein-surface attraction, U ps (z). 3. The chemical potential term to ensure equilibrium with the bulk, i.e., constant chemical potential of the proteins at all z with m p ¼ m p,bulk .
The last term represents the z-dependent mixing entropy of the solvent where r s (z) is the solvent density at z.
Inspection of Eq. 5 shows that the intermolecular repulsive interactions are not included. We assume that the repulsive interactions are of the excluded volume type and thus we include them through packing constraints. That is, at each distance z from the surface the volume accessible to the molecules in the layer between z and z 1 dz is completely occupied by a sum of contributions from the polymers, the proteins, and the solvent molecules. This is expressed in the form
where the first term is the volume fraction of polymers in layer z, with AEv g ðzÞae ¼ +PðgÞv g ðz; gÞ being the average volume that a grafted polymer occupies at z. The second term is the volume fraction of protein. This term includes the integral over z9 since we need to consider the contribution to the volume at z from proteins everywhere. The term v p (z;z9) is the volume that a protein with its point of closest distance at z9 contributes to z (see Fig. 1 ). The last term is the solvent volume fraction with f s (z) ¼ r s (z)v s . The packing constraint explicitly includes the size and shape of each of the molecular species in the system, as well as the spatial distribution of volume for each polymer conformation. We now can find the explicit functional form of the pdf of chain conformations and the density profiles of proteins and solvent by performing a functional minimization of the free energy with respect to the polymer pdf, protein, and solvent density profiles subject to the packing constraints. The minimization is carried out by introducing Lagrange multipliers, bp(z), associated with the packing constraints, to yield
for the pdf of chain conformations, with q g being the grafted polymers' partition function (normalization constant that ensures + g P g ðgÞ ¼ 1), and
for the protein density profile. The equation for the protein density profile ensures that the chemical potential of the protein is the same at all z as required for thermodynamic equilibrium.
Finally, the solvent density profile is given by
The physical meaning of the Lagrange multipliers can be seen in the expression of the solvent volume fractions profile (Eq. 9). They represent the local osmotic pressures. They actually measure the work to replace one unit of volume of solvent by one of polymer or protein. As discussed elsewhere (3, 30, 33, 34) , the lateral pressures are a measure of the average repulsive interaction at distance z from the surface. The numerical values of the lateral pressures are determined by replacing the explicit expressions of the polymer pdf, Eq. 7, the protein density profile, Eq. 8, and the solvent density profile, Eq. 9, into the constraint equation, Eq. 6. The resulting equations require, as input, the single chain conformations of the polymer chains; the protein volume distribution; the polymer surface coverage; and the protein chemical potentials. For details on how the equations are solved numerically, see the Appendix. At this point it is instructive to look at the expression of the protein chemical potential. At equilibrium it is given from Eq. 8 by bm p ¼ ln r p ðzÞ 1 bU mf ðzÞ;
where we have defined the potential of mean-force U mf (z) by
This quantity represents the effective interaction between a protein at z and the surface, averaged over all the degrees of freedom of the other molecules in the system. This quantity, actually its time-dependent counterpart, plays a key role in the kinetics of adsorption (see Eq. 2, above). The free energy functional and the pdf and density profiles just derived correspond to the equilibrium state of the system since they are found by the total minimization of the free energy functional. To determine the time-dependent quantities necessary to solve the generalized diffusion equation, Eq. 4, we use the separation of timescales mentioned above and consider a free energy with the same functional form as Eq. 5 but with a major modification. Following the assumption that the local motion of the polymers and that of the solvent are much faster than the proteins' motion, we can consider that for each given density profile of the proteins, the free energy contribution of the solvent and polymers is minimized. Therefore, we write the time-dependent free energy in the form where the protein component is written without a chemical potential term; the time-dependent polymer pdf and solvent profile are obtained by minimization of the free energy; and the protein density profile is fixed, and is given by the dynamic equation, Eq. 4.
We need to minimize the free energy with respect to the pdf and the solvent density profile subject to the packing constraints. Following the same lines as in the equilibrium case, we introduce a time-dependent Lagrange multiplier, bp(z;t), which is associated with the time-dependent packing constraints. For the pdf and solvent-density profile expressions (identical to Eqs. 7 and 9, respectively), this leads to p(z) being replaced by p(z;t). For the determination of the lateral pressures, the main difference between the equilibrium and nonequilibrium cases is that, in the equilibrium case, the protein density profile is obtained in the minimization process and is therefore an explicit function, p(z); but in the nonequilibrium case, r p (z;t) is an input. In general, the input comes from the diffusion equation. However, this does not have to be the case, as will be discussed in detail in the description of the kinetic approach.
The next step is to determine the time-and z-dependent chemical potential of the protein. This is obtained as a straightforward generalization of the equilibrium quantity (see Eqs. 10 and 11),
to obtain bm p ðz; tÞ ¼ ln r p ðz; tÞ 1 bU ps ðzÞ 1
and thus the time-dependent potential of mean-force is given by
in analogy to the equilibrium amount. Note that the bare surface-protein interaction is time-independent. All of the time-variation arises from the intermolecular interactions as expressed in the lateral repulsions p(z;t), which result from the changes in the packing of the protein-polymers as the proteins move toward the adsorbing surface.
To solve the equilibrium and kinetics of protein adsorption we need to define the model system for the protein and the polymers. For the protein we use a very simple model that mimics the properties of lysozyme. We assume that the protein is spherical with a radius R p ¼ 1.5 nm. Furthermore, for U ps (z), we use the potential calculated from atomistic simulations by Lee and Park (35) for lysozyme with polyethylene solid surfaces (see Fig. 2 below). For simplicity, we do not allow for conformational changes of the protein upon adsorption, and leave that for future work. For the polymer conformations, we use a rotational isomeric state model (58) in which each bond is allowed to have three isoenergetic states. This model is closely related to the one we have used to model PEO chains and the predictions are in excellent agreement with experimental observations (21, 31, 32, 59) . For each chain length that we study we use up to 2 3 10 6 randomly generated self-avoiding polymer conformations. From each conformation g generated we obtain v g (z;g), the volume that a chain in conformation g has in the volume spanned between z and z 1 dz. These volume distributions are the input to solve the constraint equation, Eq. 6. Note that the set of conformations has all type of distributions of segments, v g (z;g), including highly stretched chains and mushroom-like conformations. The pdf determines the relative weight of each conformation for each different case and for different times. (The Appendix outlines how the equations are solved by discretization of the z direction; for more detail on the technical aspects for the equilibrium and dynamic solutions, see Refs. 21, 30, 31, 33, and 34.) In all the results presented below, we denote the dimensionless densities given by the product rv s simply by r. To convert this quantity to the experimentally reported units of ng/cm 2 for lysozyme, one needs to multiply our reported values by 26,394. Otherwise, multiplying the reported values by 150 provides the area fraction occupied by the proteins.
REPRESENTATIVE RESULTS FOR GDA
The kinetics of protein adsorption is strongly affected by polymer-chain length. We have discussed these differences of molecular weight effects on the thermodynamics and kinetics of protein adsorption in early work (31) . However, we find it important to highlight the main points again here as they help in the understanding of the kinetic theory and results developed below. The kinetic process that we study starts from a homogeneous solution of protein, m p (z) ¼ m p, bulk for all z, that at time t ¼ 0 is brought into contact with FIGURE 2 (A) The initial potential of mean-force for different chain lengths:
The inset presents the corresponding polymer volume fraction profiles at t ¼ 0.
a layer of pure solvent of thickness d that has a solid surface located at z ¼ 0. The surface may have grafted polymers in it at surface coverage s and the polymer chain length is n g . The presence of the surface induces an interaction field in the z direction that generates gradients of chemical potential in the protein. These manifest themselves in varying potentials of mean-force, that at time t ¼ 0 represent the driving force of the proteins, together with the gradient of the protein density, to adsorb on the surface. Fig. 2 shows the potentials of meanforce at time t ¼ 0 for a variety of polymer chain lengths, all at the same surface coverage.
In the case of no grafted polymers, the potential is purely attractive and it is given by U ps (z). The presence of the grafted polymers introduces a repulsion whose range is equal to the thickness of the tethered layer (see inset of Fig. 2 for the polymer density profiles). For long enough polymers a repulsive barrier appears whose strength and position is a function of the polymer chain length. The amount of protein adsorbing at equilibrium depends on the potential of meanforce at contact. Even though the value of the potential at contact varies with the amount of proteins adsorbed (see below), the variation of U mf (z ¼ 0; t ¼ 0) with polymer chain length shows the same dependence as the equilibrium amount of proteins adsorbed (30) .
The kinetics of adsorption depends upon the timescale required by proteins to reach the surface. In the case of purely attractive potentials, as for no polymer and n g ¼ 25 on Fig. 2 , the initial adsorption will be very fast and determined by the time that it takes the proteins to reach the range of the interactions. In this regime the surface acts as a strong attractive sink to the proteins. For the other cases shown, however, the initial adsorption is determined by the time that it takes the proteins to cross the repulsive barrier presented by the polymer layer. We can see in the potentials that both the range and magnitude of the repulsion increases with polymer chain length. Therefore, the initial adsorption will be slower as the polymer-chain length increases. Also, we do not expect a fast regime in the initial adsorption whenever the potential of mean-force at t ¼ 0 shows a maximum.
The solution of the generalized diffusion equation is obtained by integrating Eq. 1 with the initial condition mentioned above, and by using the potentials of mean-force presented in Fig. 2 . However, once we integrate the first time-step the distribution of proteins changes and thus the potential of mean-force will also change. That is, it will correspond to the minimal free energy of the polymer-solvent mixture in the frozen new configuration of the proteins. Therefore, we expect the potentials of mean-force to be a strongly varying function of time. The complete kinetic behavior is presented in Fig. 3 , where the amount of protein on the surface is plotted as a function of time. The figure shows the kinetics of adsorption for different cases: one in which there are no polymers grafted on the surface, with the rest representing surfaces with grafted polymers with the same surface coverage, but different molecular weights.
The time-dependent adsorption for no-polymer on the surface and short-chain-length-grafted polymer shows a very fast early regime, in which the surface acts as a sink to the proteins due to the strong attractions between the surface and the proteins (see potentials in Fig. 2) . After a certain amount of proteins adsorb, there is a very sharp slowdown, during which the kinetic process is dominated by barrier crossing. In the case of n g ¼ 50 we see in Fig. 2 the presence of a kinetic barrier even at the beginning of the adsorption process. Thus, Fig. 3 shows that the kinetics of adsorption does not have a fast regime but it is dominated at all times by barrier crossing. Actually, the height of the barrier and the range of the potential of mean-force change as the adsorption proceeds. Fig. 4 shows the potential of mean-force for four different stages of the adsorption for n g ¼ 50. The height of the barrier increases, and it moves toward the surface as more proteins adsorb. Furthermore, the range of the repulsive interaction increases. This is the result of the deformation of the polymer layer as the proteins adsorb. The changes in the structure of the polymer layer and the volume fraction profile of the proteins at the same stages of the adsorption are also shown in Fig. 4 . There is a clear push of the polymer segments close to the surface to move toward the solvent as the proteins adsorb. This is due to the need of the protein to have enough room on the surface to adsorb. The main message of the figure is that to properly describe the kinetic process, the deformation of the polymer-protein layer in the vicinity of the surface has to be taken into account. This is the contribution responsible for the very large variation of the potential of mean-force, and thus the rate of adsorption, with time.
Another important result from Fig. 4 is the profile of the protein volume fraction as a function of time. It is clear that the protein is found on the surface and then depleted from the other regions where the grafted polymer is, up to the bulk. This depletion is the result of the large effective repulsion felt by the proteins due to the grafted polymers. This two-state type of protein structure serves as the basis of the kinetic model that we present below. Based on this result, we can assume that the potential of mean-force, and in particular its maximum and value at contact, depends on the structure of the polymer-protein layer, when the proteins are only at the surface. Therefore, applying the free energy functional molecular theory approach, we can calculate the potentials of mean-force at all possible adsorbed densities from zero to the equilibrium value.
The description of the kinetics with the generalized diffusion model enables a rather detailed molecular description of the adsorption process with its associated structural changes. The problem is that the solution of the numerical equations is very demanding. First, the kinetic process requires the solution of the differential equations over 16 orders-of-magnitude in time. Second, at each time-step the determination of the chemical potential gradients is obtained by solving a set of coupled nonlinear equations with thousands of terms in each one, i.e., the constrained free energy minimization (see Appendix). The calculations for long chain lengths are practically impossible; as an example, the calculation for n g ¼ 50 presented in Fig. 3 takes many days of computer time. Moreover, there are cases where the time evolution is so slow that we cannot reach the equilibrium state (see, e.g., n g ¼ 100 in Fig. 3 ). Therefore, a more practical approach is needed, such as the one presented next.
KINETIC THEORY (KA)

Adsorption kinetics
We find the most problematic cases to solve with the above approach are those in which the barriers in the potential of mean-force are very high. These are also the cases in which we find a two-state protein distribution. Thus, we present a kinetic model in which the rate-determining step is the crossing of the barrier. This means that we look at a kinetic equation for the transition of proteins between the bulk and the adsorbed state given by @r ads ðtÞ @t ¼ k ads ðtÞr bulk ÿ k des ðtÞr ads ðtÞ;
where the first term on the right-hand side of Eq. 16 is the gain term associated with the increase of proteins on the surface due to the adsorption, and the second is the loss term due to the desorption of the proteins. The adsorption and desorption are activated processes, as depicted qualitatively in Fig. 1 . Therefore, the kinetic constants should have the form of k ads ðtÞ ¼ k 1 e ÿbDU ads ðtÞ ; k des ðtÞ ¼ k 2 e ÿbDU des ðtÞ ;
where DU ads (t) ¼ U mf (z ¼ z max ;t) -U mf (bulk) is given by the difference in the potential of mean-force between the maximum of the barrier height and the bulk. The desorption Boltzmann factor, DU des (t)
is the difference between the potential at the maximum and that of the adsorbed state, i.e., the potential at contact with the surface (see Fig. 1 ). Based on the full solution of the diffusion equation we assume that the potential of mean-force depends on the structure of the polymer-protein layer, when the proteins are only at the surface. Therefore, we can calculate the potentials of mean-force at all possible adsorbed densities from zero to the equilibrium value, meaning that we solve the equilibrium problem for the polymer-solvent with a fixed amount of protein r ads on the surface. This allows us to calculate U mf (z;r ads ), which we will use to determine the necessary energies for the Boltzmann factors in Eq. 17. Once we know the potential of mean-force as a function of r ads and the distance from the surface, z, we can determine the height of the potential barrier and the potential at contact. Using our choice of zero for the potential in the bulk, U mf (bulk) ¼ 0, we FIGURE 4 (A) The potential of mean-force at four different stages of the adsorption for the case of n g ¼ 50 shown in Fig. 3. (B) The volume fraction profile of grafted polymers, and the volume fraction profile of proteins (inset) corresponding to the same four stages shown in A.
know the three values of the potential of mean-force needed to calculate the rate coefficients.
The next step is to determine the preexponential factors in the rate coefficients. To this end we use the ideas of Halperin (48) , who calculated the initial rate of adsorption of proteins on surfaces with grafted polymers using an extension of Kramer's theory of chemical reactions. We follow his approach but we explicitly include the time variation of the parameters determining the preexponential factor, thus allowing the complete treatment of the adsorption process from its initial condition up to the approach to equilibrium.
According to Kramer's theory, the preexponential factor is given by
(see derivation in the Appendix), where D is the diffusion constant; a is the width of the potential at a distance k B T below the maximum; and L is the distance a protein in the bulk state has to travel to reach the barrier maximum, which can be approximated by the thickness of the polymer layer. Both a and L depend upon the molecular structure of the polymer layer. Therefore, they also depend on time through the changes in structure of the combined polymer-protein layer as a function of the amount of adsorbed proteins. As we have done with the barrier of the potential and its value at contact, we can determine a and L as a function of the amount of protein adsorbed. Thus, we can have the implicit dependence of the kinetic coefficients k ads and k des on time through their explicit dependence on the amount of protein adsorbed.
Note that the rate coefficients as defined fulfill microscopic reversibility at all times., i.e., k ads ðtÞ k des ðtÞ ¼ e ÿbðU mf ðz¼0;tÞÿU mf ðbulkÞÞ :
This result is consistent with our local equilibrium approximation. The symmetry arises from the approximations used in the derivation of the flux (see the Appendix for details and discussion). Other choices for the preexponential factors will not affect any of the results presented for the adsorption, since the kinetics of adsorption is dominated by the flux toward the surface. Furthermore, as it will be shown below, the excellent agreement between the predictions of the KA and the full GDA supports the validity of this approximation. Fig. 4 demonstrates the very large changes that the polymerprotein layer structure undergoes through the adsorption process. Thus, it is clear that the proper quantification of the kinetic process requires the consideration of the explicit density-dependence, and thus the implicit time-dependence, of the quantities U mf (z ¼ z max ;r ads (t)), U mf (z ¼ 0;r ads (t)), a (r ads (t)), and L(r ads (t)). Examples of the first two quantities can be clearly seen in Fig. 4 . We now discuss the four quantities in more detail, since they will provide insightful physical information on just what the roles of surface coverage and polymer-chain length are in the kinetic process. Fig. 5 shows the maximum in the potential of mean-force as a function of the amount of adsorbed proteins for a variety of polymer-chain lengths. Also shown is the case of the bare surface. For short chain lengths (including the bare surface, n g ¼ 0), a barrier larger than the thermal energy appears only after a finite amount of proteins adsorb (see Fig. 5 , inset, and the explanation below). However, for long enough chain length (n g $ 40 for the surface coverage shown in the figure), there is a barrier even when there are no proteins adsorbed. The variation of the maximum of the potential of mean-force with density reveals which one is the dominant contribution in determining the kinetic barriers: the polymer, the protein, or both. In all the regimes where the maxima are parallel, then, it is the protein that determines the variation of the potential. Note the reason that curves are parallel, and not identical, is that there is a background contribution of the polymer layer which is strongly dependent on chain length. For the regions in which the curves are not parallel, the polymer contribution is dominant. Thus, there is a very different maxima at low protein densities for the longest polymer chain lengths shown, where the polymer effect on the kinetics is large.
Interestingly, for the two longest chain lengths shown, the curves become identical for large amounts of proteins adsorbed. This implies that at these late stages of the adsorption the proteins see no difference between the two chain lengths. That the region close to the surface is basically identical, is because both chain lengths are long enough such that only FIGURE 5 (A) The maximum in the potential of mean-force as a function of the density of proteins adsorbed on surfaces with grafted polymers for different chain lengths: n g ¼ 0 (bare surface, solid line); n g ¼ 15 (large dotsdashed line), n g ¼ 25 (dot-dashed line); n g ¼ 30 (double-dash-dotted line); n g ¼ 40 (large dot-solid line); n g ¼ 50 (long-dashed line); and n g ¼ 100 (dotted line). In all cases, sl 2 ¼ 0.01. The thin-dashed line at bU max mf ¼ bðU bulk mf 1 kTÞ marks the minimum potential that a kinetic barrier must present. (B) The inset presents the minimum density of protein that has to be adsorbed for the formation of a kinetic barrier as a function of grafted polymer-chain length. a finite part of them is affected by the adsorption process. In other words, the degree of deformation is identical for both surfaces. Thus, we see a very interesting chain-length effect. First, when the polymer layer thickness is longer than the size of the protein, the equilibrium amount of proteins adsorbed is independent of molecular weight (34) . Second, the initial rate of adsorption depends very strongly on the polymer-chain length; for example, the difference in the maximum of the potential of mean-force between n g ¼ 50 and n g ¼ 100 at t ¼ 0 is 10 k B T, implying a ratio of rate constants of the order of 10 ÿ5 . Third, once the adsorption is advanced, the maximum of the potential barrier for adsorption becomes identical for these chain lengths.
The kinetic approach cannot be directly applied to the initial adsorption kinetics if there is no barrier in the potential of mean-force at t ¼ 0. This is the case for the polymer chains shorter than 35 segments, as shown in Fig. 5 . In the absence of kinetic barriers, the solution of the GDA presented in the previous section is not computationally demanding. However, when the adsorption mechanism crosses over to be dominated by the crossing of the barrier, then we need to switch to the KA (see, e.g., n g ¼ 25 in Fig. 3 ). Thus, for practical purposes, it is important to have an amount of density adsorbed (as a function of polymer-chain length), showing a kinetic barrier larger than the thermal energy (see Fig. 5 , inset). The use of this graph is that, for the surface coverage shown in the region below the curve, the kinetics of adsorption is obtained from the full solution of the GDA, whereas above the curve the practical approach is to use the KA. Clearly, the different regimes depend on the surface coverage of polymer and the specific protein studied. However, once those parameters are defined, we can calculate a curve, such as that shown in Fig. 5 's inset, to find the proper approach to apply in each case. Fig. 6 shows the values of the width of the steric barrier at t ¼ 0 and at the end of the adsorption process as a function of grafted polymer-chain length. There is a strong dependence of a on n g at t ¼ 0 due to the specific structure of the polymer layer and its changes with the molecular weight of the polymer. The width of the potential barrier, however, is almost independent of the molecular weight of the polymer at the end of the adsorption process, and it is much smaller than its initial value. The data presented for the initial stage of adsorption in Fig. 6 presents the result for polymers shorter than 35 segments separately from the result for chains longer than 35 segments. The reason is that, below this molecular weight, there is no barrier in the potential of mean-force at t ¼ 0 for the surface coverage shown (see Fig. 5 , inset).
The very large change in a from the initial value to the end of the adsorption process is a reflection of the change in the shape of the potential as the adsorption process takes place. At the initial stages, the barrier is dominated completely by the grafted polymers. However, as the concentration of proteins on the surface increases, the barrier becomes more dominated by the contribution of the adsorbed proteins. Therefore, a becomes independent of the molecular weight of the polymer, because the maximum narrows, and its shape is due mostly to the protein and the polymer segments interacting with it, as discussed above.
The last variable that we need to discuss is the thickness of the polymer-protein layer L and its dependence on the amount of protein adsorbed. As it is well known from polymer brushes, the thickness of the layer varies linearly with the molecular weight of the polymer (1, 57) . What is interesting is that even after there is adsorption of proteins the change in the thickness of the layer is very small (results not shown). This is because the height of the polymer layer is not a very sensitive function of the local changes of the molecular organization in the region closed to the grafting surface. Thus, for practical purposes we can use the same L at all times; i.e., that for t ¼ 0.
Desorption kinetics
We next consider the case in which, once the system reaches equilibrium, the protein solution in contact with the surface is washed-out and thus the adsorbed proteins in the grafted polymer layer are in contact with pure water. The equilibrium state will be such that all the proteins leave the surface since there is an infinite entropic gradient due to the zero concentration of proteins in solution. The kinetics of the process can, in principle, be studied with both the GDA and the KA. However, we found that the time evolution with the GDA is so slow that no calculations can be carried out. Therefore, we need to use the KA. We can write the kinetic equation for desorption in the form @r ads ðtÞ @t ¼ ÿk des ðtÞr ads ðtÞ;
The width of the kinetic barrier, a, before adsorption (solid line with circles) and after adsorption (dashed line with squares) as a function of chain length for surfaces with grafted polymers at sl 2 ¼ 0.01. The solid line with diamonds represents the width of the kinetic barrier for the shorter polymer chains at the moment the kinetic barrier is just formed, i.e., U max mf ¼ U bulk mf 1kT; after some proteins have been adsorbed.
where there is no gain term because the solution is proteinfree. The desorption rate coefficient is given by
(see derivation in the Appendix), where the energy difference is as given following Eq. 17, and we have used the Kramer approach for the preexponential factor. Note that instead of L we have R in the denominator of the preexponential factor. This is because the maximum of the potential of mean-force is located at a distance from the surface of the order of the protein size, as shown in Fig. 4 . Thus, the desorption process measures the protein going from the surface to the maximum in the potential, i.e., a distance R from the surface. Interestingly, the width of the potential around the maximum for the desorption process is independent of chain length. However, it is a function of the amount of protein adsorbed and polymer surface coverage. The determination of a and DU des as a function of time is obtained from the knowledge of these quantities as a function of the amount of density adsorbed, along the same lines as the KA is applied for the adsorption process (e.g., see Fig. 5 ).
Integration methodology
The equation for the adsorption and desorption kinetics, as derived from the KA, requires four parameters as a function of time. They are the potential of mean-force at contact, U mf (z ¼ 0, t); the maximal value of the potential of meanforce, U mf (z ¼ z*,t); the width of the potential of mean-force of 1 k B T below the maximum, a(t); and the thickness of the film, L(t). The fifth quantity, U mf (bulk), is independent of time. From the four quantities we have shown that the thickness of the film (or the radius of the protein for the desorption process) does not vary with time, and therefore we take its value at time t ¼ 0. For the other three quantities we know their values as a function of the amount of protein on the surface, which we tabulate before starting the kinetic calculations. Thus, we start the integration at time t ¼ 0 where we know all the necessary values and we integrate the kinetic equations one time-step. The integration gives the value of the density of adsorbed proteins at the new time. We use this density value to find the three parameters, from the tabulated values, and integrate the kinetic equations another step. We continue this iteration of finding the new density, obtaining the value of the kinetic coefficients at the new density and integrating a new time-step until we reach the equilibrium state.
REPRESENTATIVE RESULTS FOR KA
The first question that arises relates to the quality of the results obtained from the kinetic theory as compared to the diffusion approach. Fig. 3 shows the predicted kinetic curves for both cases. In the case of the KA, the curves are calculated in the valid region as denoted in the inset of Fig. 5 . The agreement between the full calculations and the more approximate approach is very good. The shape of the adsorption curves and the magnitudes are very well reproduced for all grafted polymer-chain lengths and in the whole range of time in which a barrier is present. This implies that the physical mechanism for protein adsorption on surfaces with grafted polymers is indeed what we have assumed; that is, once there is a kinetic barrier, the time-determining step is that of crossing the barrier. However, it is imperative to explicitly include the variation of the parameters as the proteins adsorb to properly describe the whole kinetic processi.e., the polymer-protein layer deformation determines the shape of the time-dependent adsorption.
It is important to emphasize the difference in the computational effort necessary to solve the KA as compared to the GDA. For the case of n g ¼ 50 there is a factor of 10 6 between the two calculations. Furthermore, there are many cases in which the GDA needs to be integrated with a very small time-step, and therefore the calculations cannot be completed at all (see, e.g., the curve for n g ¼ 100 in Fig. 3 ). However, for the KA, the calculations are very simple; in essence, for each time-step, the solution is that of a simple first-order differential equation.
The reliability of the results from the KA gives us confidence to apply it where the GDA is not practical due to the computational limitations. Thus, we now study the effect of polymer-chain length and surface coverage. Fig. 7 shows the kinetics of adsorption for three different surface coverages of polymers and three different chain lengths. The figure shows that increasing both the chain length and the surface coverage results in slower kinetics. Interestingly, as we have shown elsewhere (30, 31, 34) , for the three chain lengths shown, the equilibrium adsorption is almost independent of polymer chain but depends on surface coverage. However, the kinetic process slows, by orders of magnitude, with both chain length and surface coverage.
The variation of the kinetic process with grafted poly mer-chain length is different for each of the three surface coverages shown. For the smallest surface coverage presented, there are large differences in the initial adsorption time; however, for the three chain lengths, the proteins reach their equilibrium-adsorbed amount at more or less the same time. For the two larger surface coverages, this is not the case. The longer the polymer-chain length, the slower the whole adsorption process becomes. Further, as the surface coverage increases, the differences at the latter stages of the adsorption process become larger.
As the surface coverage of grafted polymer increases, the chain molecules become more stretched. This results in several effects on the protein adsorption. First, the layer is more protein-resistant, because there is less room for the proteins to adsorb. Second, the barriers for adsorption become larger, and therefore display slower adsorption kinetics. Third, the polymer molecules have a large degree of stretching due to the interpolymer repulsions; therefore, the degree of polymer layer deformation upon protein adsorption is smaller than for lower s. Thus, variation of the effect of polymer chain length on the kinetics as a function of time is much less pronounced at high s than at lower surface coverage. The result is that the adsorption kinetics looks the same at different stages (for different chain lengths) and the lag between the curves is maintained throughout the adsorption. Then, we see that for sl 2 ¼ 0.01, there is a difference in the initial adsorption time of six orders-of-magnitude between n g ¼ 50 and n g ¼ 100, but less than one order-of-magnitude to reach equilibrium. On the other limit for sl 2 ¼ 0.03, we find a difference of seven orders-of-magnitude in time for chain lengths 50 and 100, which is maintained until the system reaches thermodynamics equilibrium.
The question that arises, however, is what is the significance of treating systems in which the equilibrium is reached in 10 14 s, or equivalently, 10 6 years? The reason for showing these results is that unless we do the calculation we do not know the timescale for adsorption. The calculations with the KA are rather simple, and we can gain insights into why the timescale is so long and how chain-length variations have different behavior at different surface coverage. Further, if we just perform an equilibrium calculation we obtain that there is a finite adsorption even for n g ¼ 150 and sl 2 ¼ 0.03. This suggests that such a high surface coverage should not be enough, say, for a biocompatible material to completely prevent protein adsorption. However, the timescale for even the initial adsorption is predicted to be so large that for all practical purposes, this coating of the surface should completely prevent protein adsorption for all relevant experimental times.
In reality, we do not need to calculate the whole kinetic process, to see that the timescale of the adsorption process is infinitely slow for practical purposes. This is one of those cases where the initial adsorption time is all we need. If the time for initial adsorption is short enough within the experimental timescale, then we can perform the whole calculation. To show the dependence of timescales on molecular weight and surface coverage, Fig. 8 displays the maximum of the potential of mean-force before any adsorption take place as a function of polymer surface coverage for three different molecular weights of polymer. The maximum is found to have a close-to linear dependence on surface coverage, and the slopes depend on polymer molecular-weight.
The timescale for adsorption is determined by the rate coefficient k ads ; thus, we also need the dependence of a and L, actually the product aL, as a function of surface coverage (also shown in Fig. 8 ). The thickness of the polymer layer increases with surface coverage, whereas the width of the potential decreases. The decrease in a is faster than the increase in the thickness, and therefore we find that there is an overall decrease of the product with surface coverage. This implies that the effect of surface coverage enters in two ways. One is in the exponential term, since U max increases with s, and the other one is through the preexponential factor, (aL) ÿ1 . In both cases, the effect of surface coverage is to decrease the kinetic coefficient, with the exponential part being much more dominant. FIGURE 7 The amount of proteins adsorbed as a function of time for different grafted polymer-surface coverages: (A) sl 2 ¼ 0.01, (B) sl 2 ¼ 0.02, and (C) sl 2 ¼ 0.03. The different curves in each graph represent different chain lengths: n g ¼ 50 (solid line), n g ¼ 100 (dashed line), and n g ¼ 150 (dotted line). In all cases, the bulk protein-volume fraction is f p, bulk ¼ 0.001.
The initial rate constants are shown in the bottom graph of Fig. 8 as a function of surface coverage for three polymer chain lengths. There is a very sharp decrease of the constant with surface coverage. The figure also includes a line for a rate that corresponds to a time constant of t ¼ 1/k ads ¼ 10 h. This is an arbitrary cutoff, but it is shown to demonstrate how, given a desired timescale for prevention of adsorption, one can use the figure as a design tool in terms of the molecular weight and surface coverage necessary to graft on the surface. From the figure, one can see that a longer chain length requires a much smaller surface coverage. Interestingly, if we would use the equilibrium adsorption as a design tool we will need the same surface coverage for the three molecular weights, since the isotherms are independent of molecular weight for the range of chain lengths shown in Fig. 8 (30) . Fig. 9 shows the amount of protein on the surface as a function of time for the desorption process. The starting point of the desorption is the equilibrium achieved under the conditions shown in Fig. 3 . The desorption kinetics shown correspond to the cases of surfaces without grafted polymer and a variety of surfaces with grafted polymers of different chain length, all at the same surface coverage. The initial time for desorption is very long in all cases. Further, the timescale for the initial desorption of proteins from the surface is much longer than the initial time for adsorption (compare Fig. 9 with Fig. 3 ). These results are due mostly to the strong protein-surface attraction upon contact, which leads to strong kinetic barriers for desorption. Fig. 9 shows a nonmonotonic dependence of the initial time of desorption on polymer-chain length. For very short chain length, increasing the molecular weight of the polymer decreases the initial desorption time; however, for n g . 25, the desorption time increases with increasing molecular weight. There are two effects that may contribute to the nonmonotonic behavior. One is the amount of protein adsorbed before desorption takes place, and the second is the role of the grafted polymer. To understand each of those effects it is convenient to uncouple them. First, we consider the case in which we fix the amount of protein adsorbed, and look at the desorption kinetics for different chain lengths from short to long. This is shown in Fig. 10 . The motivation behind this case is to test whether the abnormal behavior for the very FIGURE 8 (Top) The maximum potential of mean-force as a function of surface coverage when no proteins are adsorbed for different chain lengths: n g ¼ 50 (solid line), n g ¼ 100 (long-dashed line), and n g ¼ 150 (dotted line). (Middle) The thickness of the grafted polymer layer, L (dot-dashed line with diamonds), the width of the kinetic barrier, a (long-dashed line with squares), and the product La (solid line with circles), before adsorption as a function of polymer surface coverage for n g ¼ 50. (Bottom) The initial rate constant k ads (t ¼ 0) as a function of surface coverage for the three chain lengths shown in the top panel. The thin dotted line marks the rate that corresponds to a time constant of 10 h, i.e., 36,000 s.
FIGURE 9
The reduction of the density of adsorbed proteins as a function of time for surfaces with grafted polymers of different chain lengths as denoted in the figure. For all chain lengths, the surface coverage of grafted polymer is sl 2 ¼ 0.01. short chains shown in Fig. 9 is due to the different initial amount of proteins adsorbed. It is found that the nonmonotonic behavior continues, although the initial number of proteins on the surface is the same for all chain lengths. Now we focus on the role of the grafted polymer. This effect can be seen in Fig. 11 , where we show the volume fraction profiles of short and long chains grafted on surfaces with large and small amounts of proteins adsorbed. All the cases correspond to the same surface coverage of polymer. The two figures for the shortest chain length show that all the profiles become deformed upon desorption of the proteins, whereas for the longest two chain lengths, the profiles for distances larger than the size of the protein are very similar both with and without proteins adsorbed. That is, all the segments of the short chains interact with the proteins on the surface and play a role in the repulsions responsible for the interactions that determine the desorption. Thus, increasing the length of short chains results in stronger repulsions to facilitate fast desorption-i.e., shorter initial desorption time. However, once the chain length is long enough for the polymer chains to stretch beyond the adsorbed proteins, the segments at distances larger than the protein diameter impose a steric barrier to trap the proteins on the surface. In this situation, increasing the length of long polymer chains leads to a stronger steric barrier to prevent desorption, i.e., longer initial desorption time. As it is the case for the effect of chain length on the equilibrium adsorption isotherms, the crossover chain-length is determined by the ratio between the size of the protein and the polymer layer thickness. Layers with thickness smaller than the protein size show one type of molecular-weight dependence, while those layers with thickness larger than the protein size show a different type.
The results just presented show how the combination of the understanding of the kinetics and equilibrium are important for the best practical design of surface modifiers. Moreover, the results also demonstrate the very different role that surface coverage, and in particular, polymer-chain length, have on the thermodynamics and kinetics of protein adsorption and desorption.
DISCUSSION AND CONCLUSIONS
The kinetics of protein adsorption on surfaces with grafted polymers is a complex process, which is due to the constant change of the layer as proteins adsorb. The flexibility of the chain molecules allows for a deformation of the polymer layer as the adsorption process takes place. This results in timedependent effective protein-surface interactions that are a function of the amount of proteins adsorbed and the type and amount of polymer grafted on the surface. The timescales for protein adsorption are very large, and many adsorption processes are irreversible for any practical purpose.
To study the kinetics of protein adsorption, we have developed a generalized diffusion approach in which the driving forces for adsorption are the gradients of chemical potentials induced by the presence of the surface. Based on the physical assumption that the timescale for protein adsorption is much longer than the local rearrangement of the polymer chains and the motion of the solvent, the approach assumes a separation of timescales in which, for each spatial configuration of the proteins, the polymers and solvent equilibrate. Thus, we use a molecular theory to calculate the time-dependent free energy from which the gradient of chemical potentials can be calculated. Even within this approximation the equations need to be integrated over more FIGURE 10 The amount of protein on the surface as a function of time during the desorption process for surfaces with grafted polymers with chain length as marked in the figure. The initial amount of protein adsorbed is set to r ads p ðt ¼ 0Þ ¼ 3:1 Ã 10 ÿ3 : For all chain lengths, the surface coverage of grafted polymer is sl 2 ¼ 0.01.
FIGURE 11
The polymer volume fraction profiles for short (A and B) and longer grafted chains (C and D). The short chains correspond to n g ¼ 15 (solid line) and n g ¼ 25 (dot-dashed line), and the longer chains have n g ¼ 50 (long-dashed line) and n g ¼ 100 (dotted line). A and C represent cases with a large amount of protein adsorbed, e.g., r ads p ¼ 3:08310 ÿ3 : B and D show cases with a very small amount of protein adsorbed, e.g., r ads p ¼ 10 ÿ10 : than 16 orders-of-magnitude and at each time-step the constrained free energy needs to be minimized. In practical terms, this implies that at each time-step a set of coupled nonlinear equations with hundreds of thousand of terms each (the number of used polymer conformations) needs to be solved at each t. Thus, the computational time is prohibitively expensive if one desires to perform systematic studies as a function of polymer chain length, surface coverage, and other important parameters. From the few cases in which we have completed the full calculation, we have learned that the kinetics of protein adsorption on surfaces with grafted polymers is dominated by the crossing of the large steric barrier presented by the polymer-protein layer. The adsorption process is completed in timescales measured in hours or longer for the cases that we have studied. A very important component that also comes out from the calculations is that the deformation of the polymer layer as proteins adsorb has to be taken into account at all times. The changes in the structure of the polymer layer-adsorbed proteins result in constant changes of the effective potential barrier that the approaching proteins from solution have to cross, in order to adsorb.
Based on the insights learned from the full calculations, we developed a kinetic theory that enables the systematic study of the kinetics of adsorption/desorption. The basic idea is to write pseudo first-order kinetics for adsorption/desorption for a system of two states: adsorbed and bulk. The kinetic rate coefficients depend upon the time-dependent potential of mean-force. The coefficients are composed by two factors: a Boltzmann exponent measuring the difference between the potential at the bulk and that of the barrier maximum for the adsorption rate; and the maximum of the barrier and the potential of mean-force at contact with the surface for the desorption rate. The preexponential factor is approximated from a Kramer-like theory adapted from polymer brushes. This factor is determined by the ratio between the diffusion coefficient of the protein and the product of the length that the protein needs to pass to reach the barrier maxima, and the width of the potential of mean-force at k B T below the maximum. For adsorption, the protein needs to cross a distance proportional to the polymer layer height and for the desorption the distance is the radius of the protein. The explicit dependence of the kinetic behavior on the properties of the polymer layers, e.g., polymer chain length and surface coverage, enter through the potential of mean-force maximum, its value at contact, and the preexponential factors.
The potential of mean-force maxima and at contact, as well as the width of the barrier, are all properties that are time-dependent. The way that we determine the time-dependence variation of these quantities is by calculating the potentials of mean-force as a function of the amount of protein adsorbed, from no-adsorption to the maximum given by the equilibrium amount of adsorption, which we know before the kinetic calculations are carried out. The determination of the potentials of mean-force is straightforward and fast, and thus, once we have all the quantities as a function of protein density, we can integrate the time-dependent equations by plugging in at each time-step the proper (density-determined) potential values. In this way the calculation time is reduced by many orders-of-magnitude, and we can perform systematic studies that are impossible with the full diffusion approach.
The predictions from the approximate kinetic approach are in excellent agreement with those obtained from the full calculations. This is important for two reasons. First, the physical process that is the rate-determining step is indeed crossing of the (time-dependent) barriers. Second, we can have confidence in the approximate kinetic approach and carry out systematic studies with a relatively small amount of computational effort, without losing any of the molecular details involved in the deformation of the polymer layers as the adsorption takes place.
Applying the kinetic approach, we studied the adsorption kinetics as a function of chain length and surface coverage. We find that for relatively high surface coverage and molecular weight of the polymers, in many cases the initial time of adsorption is so large that for any practical purpose there will be no protein adsorption. This is an important result for practical purposes, since equilibrium calculations predict a finite amount of adsorbed proteins; however, because of the slow kinetics, the adsorption is null for any realistic timescale.
One of the most important novel findings in this work relates to the kinetics of desorption. The specific process that we study here is such that the solution in contact with the polymer layer is replaced by pure solvent after the proteins have adsorbed to the surface. Thus, thermodynamic forces will lead to a new equilibrium situation in which all the proteins would leave the surface. We find that the kinetics of desorption depend upon the amount of proteins adsorbed and there is a very strong dependence on polymer molecularweight and surface coverage. The kinetics of desorption are very slow for all cases studied. This is particularly true once the polymer layer height is larger than the size of the proteins. This is because these long polymers trap the proteins in the surface by presenting a large barrier through the segments, which are a distance from the surface larger than the size of the proteins.
We see that polymer chain length has a very different role when the thickness of the polymer layer formed is larger or smaller than the protein size. This effect is also very different when treating the equilibrium adsorption as compared to the kinetic behavior. For equilibrium adsorption, once the polymer layer thickness is larger than the protein size there is no effect on increasing the polymer chain length. However, for the kinetics of adsorption, the longer the polymer-chain length, the larger the barrier for adsorption, and the range of the repulsive potential. Therefore, for the kinetics of adsorption, increasing polymer-chain length monotonically increases the adsorption time. Furthermore, the role of polymer-chain length at the initial, intermediate, and final stages of the adsorption, kinetics may change depending on the surface coverage of polymer. At low surface coverages, the initial time for adsorption increases exponentially with polymerchain length but the adsorption reaches equilibrium in more or less the same timescale for all chain lengths studied. At high surface coverage, the longer the chain length, the slower the adsorption kinetics at all stages of the process.
For the desorption kinetics, the polymer-chain-length dependence is complex. For chain lengths that produce polymer layers whose thicknesses are smaller than the protein size, increasing polymer molecular-weight results in an increase of the desorption rate. However, once the layer thickness is larger than the protein size, increasing the polymer-chain length provides a way to decrease the desorption rate, by trapping the proteins between the surface and the barrier presented by the polymer segments found at distance from the surface larger than the protein size.
The mechanism of protein trapping can be used in the design of controlled release of proteins from surfaces. Furthermore, this trapping may be responsible for the experimental findings of Shukhishvili and Granick (41) on the adsorption of human serum albumin on polyelectrolyte brushes. In their experiments they showed that the proteins can be trapped in the polymer brush. Although in the experimental case, electrostatic interactions are very important for the initial adsorption of the proteins, the trapping upon weakening of the electrostatic attractions may be due to the same mechanism predicted here for neutral systems. More work is necessary to clarify this point. However, we are now in a position to use the kinetic approach with our theory, including electrostatic interactions (45, 44) . This work is currently underway.
There are two main issues that need to be addressed as a clear next-step, to be able to generalize the approach to many other, related, systems.
First, what is the role of protein conformational changes in the kinetics of adsorption? We have shown that for the equilibrium isotherms, conformational changes are very important, and the amount and type of adsorbed protein conformer can be controlled by the choice of polymer layer (34) . Furthermore, we (33) and others (60) have shown that the kinetics of protein adsorption on surfaces without grafted proteins is very rich and complex whenever conformational changes are explicitly accounted for. Therefore, we are currently generalizing the kinetic approach to study the full kinetic adsorption process on surfaces with grafted polymers and the ability of the proteins to change their conformation upon adsorption.
Second, we have assumed throughout this work that the only relevant inhomogeneous direction is the one normal to the surface. The adsorption process is dominated by barrier crossing, and thus, the lateral arrangement of the polymerprotein mixtures close to the surface may play an important role in lowering the barriers as compared to the quantities calculated in the present work. Preliminary calculations seem to indicate that this is not, in general, the case. However, we are starting to study this effect in detail, to learn under what conditions the approximations used in this work are valid.
Our current understanding of the thermodynamics and kinetic of protein adsorption on surfaces with grafted proteins shows the very large number of ways by which the adsorption process can be controlled. Furthermore, the very good agreement (21, 31) between the predictions of the theory and experimental observations suggest that the predictive power of the theory is very good. Therefore, we are developing molecular models for a family of proteins that will enable us to predict their adsorption properties and thus, help in the design of devices for which adsorption plays a major role, such as in electrophoresis, separations, and controlled-release devices. In these models, specific protein-polymer interactions are included and thus we also expect to be able to study the nonmonotonic molecular weight effect found experimentally (47) . Moreover, the approach presented here can be applied to studying the adsorption of nanometer-size colloidal particles on surfaces with grafted polymers. We are already studying these types of systems, particularly for charged particles adsorbing on polyelectrolyte-grafted layers (61) .
APPENDIX
Numerical method
The numerical solution of the minimization of the free-energy functional is obtained by discretization of the z direction into parallel layers of thickness d. Define the i th layer as the region between (i ÿ 1)d # z , id. The packing constraint, Eq. 6, in discrete form is s + fgg P g ðgÞv g ðg; iÞ 1 + fi,M:i;Mg j¼1 f½ r p ði ÿ j 1 1Þv s v p ð jÞg 1 f s ðiÞ ¼ 1;
where {i,M:i, M} means if i , M, the upper limit for j is i; otherwise, it is M. The term M is the number of layers a protein molecule spans in the discretized space, i.e., M ¼ 2R/d. Further, the sum over g is over the number of conformations that we generate to model the polymer chains. Eqs. 9, 7, and 8 in discrete form are given by f s ðiÞ ¼ e ÿbpðiÞvs ; 
We define xðiÞ ¼ e ÿbpðiÞvs where 1 # i # i Max (i Max is the total number of layers considered in the system). Then, substituting Eqs. 23-26 into Eq. 22 transforms the packing constraint into functions of x(i). Then we solve the i Max coupled nonlinear equations for x(i) by standard numerical methods. Once x(i) for all i are known, we can calculate any desired equilibrium average quantity. More details can be found in Fang and Szleifer (34) .
Derivation of rate coefficient for the adsorption process
The chemical potential of a protein at z is bm p ðzÞ ¼ ln r p ðzÞ1bU mf ðzÞ:
The gradient of chemical potential induces a flux, J(z) ¼ r p (z)v(z), leading to a uniform and constant chemical potential everywhere at equilibrium. The average velocity of this flux v(z) is vðzÞ ¼ 2D @bm p ðzÞ @z ;
where D is the diffusion coefficient. The corresponding flux is JðzÞ ¼ 2Dr p ðzÞ @bm p ðzÞ @z ¼ 2Dr p ðzÞ bU mf ðzÞ @z 2D @r p ðzÞ @z ¼ 2De 2bU mf ðzÞ @ @z ½r p ðzÞe bU mf ðzÞ :
This is the starting point for the high-viscosity limit of the Kramer's rate theory (48) . It involves a steady-state solution, J(z) ¼ constant, representing, in our case, a stationary one-dimensional net flux from the bulk to the surface. (Note that in Halperin's article-see Ref. 48 -he focuses on the initial adsorption and only considers the protein flux from the bulk to the surface. This is because initially when there are no proteins adsorbed, no flux flows out of the surface. Here we extend Halperin's idea to study the whole kinetic process and consider the net flux, i.e., the sum of the inflow flux and the outflow flux. For the adsorption process, we assume the net flux is always toward the surface.) Apply the steady-state assumption, i.e., J(z) ¼ j and rewrite Eq. 29 as je bU mf ðzÞ dz ¼ 2Dd½r p ðzÞe bU mf ðzÞ :
Integrating both sides of Eq. 30 from the surface, i.e., z ¼ 0, to the boundary of the polymer layer, i.e., z ¼ L 0 , which corresponds to the bulk solution of the proteins, yields 
The integral on the left side of Eq. 31 is approximately evaluated by expanding U mf (z) around its maximum, i.e., U max mf ; at z* (48). Namely, U mf ðzÞ ¼ U max mf 2ðv=2Þðz2zÃÞ 2 ; where we neglect the terms beyond second-order and v is the curvature of the potential of mean-force at z*. Thus, the integral becomes e bU max mf R L0 0 e 2ðbv=2Þðz2z Ã Þ 2 dz: Since the integral is dominated by the contribution from z ¼ z*, for simplicity, we may extend the integration limit to 6 N and get (2pkT/v) 1/2 . In turn, the width of the barrier kT below U max mf ; a; is kT/v ¼ a 2 (48 
One point to clarify is that of the steady-state flux (which we assume is constant for all z at any time t). The constants for different t may actually be different. Furthermore, we assume that the steady-state flux for different t changes continuously with t. According to Einstein's diffusion relation Dt 1 % a 2 , where t 1 is the characteristic time to diffuse across the barrier, D/a(¼ a/t 1 ) is the diffusion rate across the barrier. The Boltzmann factor, e 2½bU max mf 2bU bulk mf ; accounts for the probability for particles in the bulk to reach the peak of the barrier and e 2½bU max mf 2bUmf ð0Þ is the probability that the particles on the surface jump to the peak of the potential barrier. Considering the net flux flowing from the bulk to the surface, we have 
In most cases the kinetic barrier moves toward the surface as the adsorption reaches equilibrium. Therefore, the relevant thickness that the protein needs to move to reach the barrier is of the order of the size of the protein, i.e., L ; R.
That is, the thickness of the polymer layer is not so important for the desorption kinetics as for the adsorption kinetics. The rate coefficient for the desorption process is thus v flux /R, i.e., 
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